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A b s t r a c t 
In this thesis, a survey on the regularity theory for axisymmetric solutions 
to the 3D incompressible Navier-Stokes equations is conducted. 
In chapter 1, some classical results such as the Serrin-type criteria on the 
Leray-Hopf weak solutions and the Caffarelli-Kohn-Nirenberg partial regu-
larity theory on the suitable weak solutions to the equations are reviewed. 
Chapter 2 deals with the axisymmetric solutions of the equations assum-
ing the unknown velocity has no swirl. The existence result on the unique 
regular global-in-time solution by Uchovskii and Ladyzhenskaya is included. 
In chapter 3, the swirl component of the unknown velocity is no longer 
assumed to be zero and some remarkable results on this hot research area 









A c k n o w l e d g e m e n t s 
I wish to express my gratitude to my supervisor Prof. Z.P. Xin for his 
kindness to support my M.Phil. study and research. In association with his 
guidance and enlightment for the research work and completion of the study. 
For the past two years, it is a honor to me as being his student. 
Also, I would like to thank my family and my church members for their 
unlimited encouragement. 
Contents 
1 Classical R e s u l t s on t h e 3D I n c o m p r e s s i b l e Nav ie r -S tokes 
E q u a t i o n s 3 
1.1 Introduction 3 
1.1.1 Backgrounds of the Equations 3 
1.1.2 A Boundary Value Problem on Pressure 4 
1.1.3 The Helmholtz-Leray Decomposition 5 
1.1.4 The Energy Equality 6 
The Leray-Hopf Weak Solution 8 










The Vorticity Form 
Regularity of the Vorticity 
The Biot-Savart Law and Parabolic Regularity 
Later Developments 
.3 CKN Partial Regularity Theory 
.3.1 Backgrounds and the Main Result 
.3.2 A Local Conditions for Regularity of u  
.3.3 The Blow-up Estimate 
.3.4 Estimating the Singular Set 22 















3 O n 
3.1 
Axia l ly S y m m e t r i c F lows W i t h o u t Swirl 25 
Introduction and the Main Result 25 
A Local-in-time Existence Result 26 
A Priori Estimate 27 
Proving the Global Existence Result 31 
Axia l ly S y m m e t r i c F lows w i t h N o n - z e r o Swirl 32 
Serrin's Type Regularity Conditions 32 
3.1.1 Backgrounds and the Main Result 32 
3.1.2 A Brief Discussion on the Proof 33 
1 
3.1.3 Later Developments 36 
3.2 Lower Bound on the Blow-up Rate 37 
2.1 Backgrounds and the Main Result 37 
2.2 Construction of Suitable Weak Solutions 38 
2.3 Idea of the Proof 40 
2.4 Later Developments 42 
3.3 An Alternative Proof on Slow Blow-up 43 
3.3.1 Backgrounds and the Main Result 43 
3.3.2 Liouville Type Theorems 44 
3.3.3 The Re-scaling Procedure 46 
3.3.4 Later Developments 47 
2 
Chapte r 1 
Classical Results on the 3D 
Incompressible Navier-Stokes 
Equat ions 
1.1 In t roduc t ion 
1.1.1 Backgrounds of the Equations 
The 3D incompressible Navier-Stokes equations 
du 
+ (u • V ) u — YAu + V p 
dt 
div u = 0, 





(u • V ) u = [ ui-^ and Au 
^ d 2u 
are firstly proposed by Navier in 1822 and based on a specific molecular 
model. Stokes further rederived the equations on the basis of the continuum 
mechanics approach in 1845 depicting the motion of incompressible viscous 
fluids in three-dimensional space. 
In (1.1), u = u(x, t) = (ui(x, t), u2(x, t), us(x, t)) and p = p(x, t) denote 
the unknown velocity and pressure respectively, where x = (xi ,x? ,xs) is a 
point in R s and t is the time. Moreover, 7 > 0 is the viscosity coefficient of 
the fluid and f is the external force acting on the fluid. 
In the equation (1.1a) expresses the conservation of linear momentum, 
while on the assumption of incompressibility (1.1b) is the continuity equation. 
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Without loss of generality, we may assume 7 = 1 in (1.1a). Otherwise, 
let the pair (u(x, t)/p(x, t)) be a solution of (1.1) and consider the following 
functions: 
Uj (x, t) = 7u(x ,7 t ) , 
P(x,t) = 7 2 P (而 7力)， 
/ Y
 ( x , t ) = 7 2 / ( 而 7力)， 
then the pair (UY(x,t),PY(x,t)) satisfies (1.1) with unit viscosity and the 
external force /(x, t). 
Therefore, let Q be either R 3 or a bounded domain in R 3 with its boundary 
d n at least in the class C2 and T > 0, in particular, mathematicians are 
interested in the existence, uniqueness and regularity results of solutions of 
Navier-Stokes initial-boundary value problem: 
d U … — � ‘ — /( x , t ) 
dt 




in Q X (0,T), (1.2a) 
0 in Q X (0,T), (1.2b) 
0 on dQ X (0,T), (1.2c) 
Uo(x) on Q X {0}, (1.2d) 
where u0 is a given initial velocity satisfying div u0 = 0. 
1.2 A Boundary Value Problem on Pressure 
Take the divergence at both side of (1.2a), and use (1.2b), 
” 5u ^ d (5u\ 
d i ^ = Z ^ dt dxi\ dt 
3 d ‘ 3 
d i v ((U • V )U) ^ ^ ^ ^ U j 
基(卖 
U ) i 
dui\ d 
^ =冗 ( d i v U ) = 0， dxW dt 
3 3 
dU j dUi 
d 
Uj t d u ) = t 
t t 
= v di — d 2 广， 




div ( V p ) 
Hence, we get 
Ap. 
A P = d i v / - t d x k i n Q X ( 0 , T ) . 
(1.3) 
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Assuming n be the unit normal to the boundary OQ, the scalar product 
at both side of (1.2a) with n using (1.2c), we obtain the following boundary 
condition on pressure 
李 二（f + V u ) • n on dQ X (0, T). (1.4) 
dn 
As such, once the velocity field u of the initial-boundary value problem 
(1.2) is solved. Up to an additive constant, the pressure p can be fully and 
uniquely determined at all times by the Neumann problem (1.3)-(1.4). 
1.1.3 The Helmholtz-Leray Decomposition 
The Helmholtz-Leray decomposition can be loosely paraphrased as: a 
vector field which can be decomposed with the sum of a gradient vector and 
a divergence-free vector. 
Considering a vector field w on a bounded domain Q C R3 with specified 
conditions on 5Q, we seek for a scalar field q and vector field v, where div v 二 
0, so 
w 二 V q + v. (1.5) 
Take the divergence at both side of (1.5) leaves a Possion equation for q, 
Aq 二 div w. (1.6) 
Let n be the unit normal to the boundary dQ, if w vanishes at dQ and 
we only require that v • n 二 0 on dQ, the scalar product of (1.5) with n leaves 
a boundary condition for q, 
享 二 w • n on dQ. (1.7) 
dn 
We can directly solve q from the Neumann problem (1.6)-(1.7), the so-
lution is uniquely defined up to an additive constant. Finally, v can be 
computed by (1.5), which is also unique. 
The mapping PL ： w ^ v, called the Leray projector, is now well-defined 
from the previous discussion. If we apply the Leray projector PL to both 
side of (1.2a), since 
du du 
PLu 二 u, PLd 二 and P L V 二 0, 
we obtain 
du 
d + Au + B(u) 二 F, (1.8) 
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where 
A 三-PiA, 三 • V ) v , B ( u )三 B F = P f . 
The operator A is called Stokes operator. Observe that (1.8) does not 
include pressure, the unknown velocity field u and its properties are easier 
to be derived from (1.8) than the original Navier-Stokes equations (1.2a). 
Besides, the term F in (1.8) is now divergence-free, without loss of gen-
erality, we can assume that the external force f in (1.2a) satisfies div f = 0. 
1.4 The Energy Equality 
Let X denotes a real Banach space with norm | X. 
D e f i n i t i o n 1.1.1. [1] The space Lp(0, T； X) consists of all measurable func-
tions u : [0, T] — X with 
rT 
| u | |LP(0 ,T ；X) 
for 1 < p < �， a n d 
i / p 
u(t)||X dt < 
l | u | L �(0,T ；X) ess sup | | u � ||x < oc. 
0 < t<T 
If the pair (u,p) is a classical solution of the initial-boundary problem 
(1.2) and the fluid is assumed to have finite kinetic energy, i.e. Uo G L 2 (n ) , 
and the external force f G L1(0, T； L 2 (n) ) , then we take the scalar product of 
(1.2a) with u(x, t) and integrate over Q. Notably all boundary terms vanish 




d f|u| 12、 
Jn dt\ 2 
1 2 







(u • V)u • u dx u, 
du 
dxi 
||u ( t ) ||L2(n) d t HW^COHL2^)， 
d |u | 2 ^ 





dx + boundary term 
d x, 






— (Au) • u dx 二 Vu : Vu dx + boundary term Vu|2 dx 
n 
Vu||i2(n) > 0, 
/ ( V p ) • udx 






( — [ PTT^uidx + boundary t e r m � 
J  dxi 乂 
So, 




— p(div u)dx 二 0, 
n 
| | f ||L2(n)||u||L2(n). 
d 
u ( t ) | | L 2 ( n ) d t ( | | u ( t ) | | L 2 ( n ) ) < 
d_ 
W ( l |u( t)||L2 (n)) < 
f 丨 丨 ^ ^ ⑶ 丨 丨 权 丨 丨 ^ ^ ⑶ ， 
f丨丨^^⑴)， 
(1.9) 
then the following estimate is obtained when we further integrate in time, 
u(t)||L2(n) < ||uo||L2(n) + / | | f(T，T)||L2(n)dT. (1.10) 
From (1.10), on the assumption that u0 e L2(n) and f G L1(0,T； L 2 (n) ) , 
we can derive that u G L�(0，T； L 2 (n) ) . 
Furthermore, instead of the inequality (1.9), we can also obtain 
1 2 L2(n) + | | V u | |L2 (n ) 二 f • u d x ： (1.11) 
and when we further integrate (1.11) in time, 
| u �| | L 2 ( n ) + 2 / | | V u ( r ) ||L2 ( n ) d r 二 ||uo||L2(n) + 2 / / f • u dxdr. (1.12) 
Jo Jo Jn 
can Since uo e L 2 (n ) , f G L1(0,T； L 2 (n ) ) and u G L⑴(0,T； L 2 ( �)， 
further tell that u G L2(0,T； H丄�)）from (1.12). 
The physical interpretation of the energy identity (1.12) is the kinetic 
energy of the fluid dissipates with time due to viscosity and the reaction force 
against the external force f acting on the fluid. In addition, the fluid has 
finite enstrophy, which determines the rate of dissipation of kinetic energy. 





.5 The Leray-Hopf Weak Solution 
Although it is not known yet whether any classical solutions of the prob-
lem (1.2) exist, Leray and Hopf has proved the existence of a global-in-time 
weak solution, Leray-Hopf solutions, in [2] and [3] respectively. 
D e f i n i t i o n 1.1.2. The pair (u,p) is a Leray-Hopf weak solution of (1.2) with 
f G i 1(0 ,T； L2(Q)) if the following conditions are satisfied: 
1. u G L^(0,T； L2) n L2(0,T； H 1 ) . 
2. u satisfies (1.2a) and (1.2b) in the sense of distribution, i.e. 





+ ((u • V ) ^ ) u + u A ^ + f ^ dxdt + uo^(x, 0)dx = 0, 
Jn 
(1.13a) 
nuV0 dxdt ！ 0, 
(1.13b) 
in n X (0,T) for all '仏• G C 0 �( Q x [0,T)) such that div ^ = 0. 
3. u satisfies the energy inequality 
l | u �| | L 2 ( n ) + 2 / | | V u ( r ) | | ^ 2 ( … d r < | |uo||L2 (n) + 2 / / f • u dxdr. 
Jo Jo Jn 
(1.14) 
Condition 1 and 3 are motivated by the physical interpretation of the 
energy identity (1.12). For example, fluid in turbulent flow is not smooth, 
but they still have finite kinetic energy and enstrophy. Moreover, the fluid 
lose energy due to high frequency oscillations apart from viscosity, therefore 
we require only an "<" instead of “=” in (1.14). Lastly, for the verification of 
the equations (1.13) are weak forms of the 3D incompressible Navier-Stokes 
equations, we just multiply ^ to (1.2a) and • to (1.2b) respectively and 
integrate by parts on n x [0,T). 
Now, we state the existence result of Leray-Hopf solutions of (1.2). 
T h e o r e m 1.1.1. For any given u G L 2 ( n ) and f G L1(0,T； L 2 (n ) ) with 
div uo = div f = 0, there exists at least one Leray-Hopf weak solution to the 
Navier-Stokes initial-boundary value problem (1.2). Moreover, the solution 
u approaches the initial condition strongly, i.e. u(x, t) — uo(x) as t — 0. 
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There are various methods to prove this theorem found in the literature 
e.g. [4] and [5], and the most popular one by Hopf [3] is the Galerkin method. 
In summary, we just outline briefly key steps and instructive ideas to support 
the proof as the main focus of this thesis is about regularity; that is: 
1. Let l ^ j b e the orthonormal basis for L2 formed from the eigen-
functions of the Stokes operator satisfying 如 G C⑴(Q),也 |dn = 0, and 
V • 也 = 0 f o r a l l j. 
2. Let | u k b e a series of approximate solutions of (1.13a) with the 
form Uk(x,t) = (t)^j(x), u(x, 0) = PkUo = E^Li�购，妙j)妙j, 
w h e r e� •, •) and Pk denotes the inner product and the orthogonal pro-
jection onto the space Spanl^i,…,如} in respectively. 
3. Put u = Uk in (1.13a) and test with each of }k=i to obtain an ODE 
system for the coefficients Uk,j. It is remarked tha t the system is locally 
Lipschitz. 
4. Estimate norms of the solution Uk. We want to show |Uk,j (t)|2 = 
| |uk(t)| |2 < oc for all t > 0. Then we can apply the existence and 
uniqueness theory for locally Lipschitz ODE system to guarantee a 
unique solution of the system exists. Hence, the approximation solution 
Uk exists for all t > 0. 
5. Find a subsequence Uk converges to U weakly-* in L⑴(0,T； L2) and 
weakly in L2(0,T； Hi) by weak-* and weak compactness respectively. 
Notice that here the energy equality for Uk has now turned into an 
energy inequality for U. 
6. Apply the following Lions-Aubin Compactness Lemma: 
L e m m a 1.1.1. Let Uk be a sequence that is bounded in L2(0, T； Hi), 
and has 智 bounded in Lp(0, T； H-i) for some p > 1. Then Uk has a 
subsequence that converges strongly in L2(0,T； L2). 
7. Pass to the limit. 
1.1.6 Foreword to the Regularity Problem 
Although the existence of the Leray-Hopf weak solution of the Navier-
Stokes equations is known since 1954, mathematicians still failed to prove 
the regularity of the solutions without restricting to the size of initial velocity 
or the length of the time interval. It become one of the Millennium Prize 
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Problems. Therefore, we are going to review some partial results to the 
problem. 
In the content of regularity theory, there are mainly two issues: the full 
regularity and the partial regularity problem. The full regularity problem 
ask for minimal conditions on the u and p to guarantee that the solution is 
regular. Notice that the definition of regular is not fixed, sometimes involv-
ing boundedness and sometimes continuity. However, in most of the cases, 
all these definitions are equivalent. The partial regularity problem concern 
about estimating the size of the set of irregular points of the solution of the 
problem. Correspondingly, two classical and important results from Serrin 
6] and Caffarelli, Kohn, Nirenberg [7] will be illustrated in the next two 
section respectively. 
It is remarked that if we restrict ourselves to 2D flows, the Leray-Hopf 
solutions are regular. This motivates us to think that the difficulty of the 
problem might mainly come from the dimension. If only 3D axially sym-
metric flows are permitted, the dimension reduce to somewhere between 2 
and 3 in some sense. It may be possible to show global-in-time existence of 
a regular solution. It turns out that such thought is correct, the result has 
been independently proved by Ladyzhenskaya [8] and Uchovskii, Yudovich 
[9] under an additional assumption i.e. swirl component of the flow is zero. 
This result will be included in the next chapter. 
Regarding to the non-zero swirl component, though we haven't obtain 
any global-in-time existence result, some important progresses have been 
achieved and it is worth to be mentioned at the end of this thesis: 
• Chae and Lee [10] have given a Serrin's type regularity condition for 
axisymmetric solutions on the swirl component of the vorticity. 
• Caffarelli, Kohn and Nirenberg [7] have showed that singular points 
can only lie on the axis of symmetry. 
• Chen, Strain, Tsai and Yau [11], [12] and Koch, Nadirashvili, Seregin 
and Sverak [13], [14] have proved that an axisymmetric solution satisfy-
ing certain boundedness conditions does not develop type I singularity. 
1.2 Serr in ' s Regula r i ty Resul t 
In this section, it is assumed that the external force is conservative, i.e. 
curl f = 0, and at least of class L1(0,T； L1). We are going to show the result 
of Serrin in [6 . 
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T h e o r e m 1.2.1. If u is a weak solution of the Navier-Stokes equations with 
u G L ^ ( 7 ^ I , T 2 ； L 2 (n) ) and w = curl u G L2(^i,T2； L2(Q)) satisfies 
3 2 
u G ( T I , T 2 ； L s (n) ) , - + - < 1. (1.15) 
s s丨 
for some open region Q x (Ti,T2) of space-time, then u(-, t) G C �( Q ) for 
t G (T I，T 2 ) . 
1.2.1 The Vorticity Form 
Take the curl at both side of (1.2a) and let w = curl u, with the aid of 
the following identities: 
curl (a x b) = (b • V ) a — (a • V)b + a div b — b div a, 
|a 2 
V ^― = (a • V ) a + a x curl 2 
div (curl a) = 0, 
curl (V^) = 0, 
curl (curl a) = • ( d i v a) — Aa, 
have 
curl ' d u � d dw 
d t ( c u r l u ) = i ， 
|u|2 
curl ((u • V )u) = curl V — u x curl u = —curl (u x w) 
2 





(u . V ) w 一 (w . V ) u , 
curl (V(div u) — curl (curl u)) = —curl (curl (curl u)) 
—V(div (curl u)) + A(curl u) = Aw, 
0, 
0, 
dw w — Aw = (w • V )u — (u • V)w. (1.16) 
dt 
The equation (1.16) is known as the vorticity form of 3D incompressible 
Navier-Stokes equations. Such equation is useful and important in our anal-
ysis because it looks like a heat equation for w, although the right hand side 
depends on w and u. 
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Let K to be the heat kernel, 
K (x,t) 
Ct部e-lxl2/4t, t > 0 
0, otherwise, 
then we obtain the following representation formula for w: 
w 二 K * (div g) + H(x,t) 二 V * g + H(x,t), 
where the operation * means convolution, g is a 2-tensor given by (叫wj — 
ujwi) and H(x, t) is a solution of the heat equation. 
1.2.2 Regularity of the Vorticity 
Firstly, as u is a weak solution, so u G L2(0,T； H丄)and hence, w G 
L2(0,T； L2). 
Then, suppose w G Lp(0,T； Lp), from (1.15) we have |g| < 2|u| |w|. Since 




We have g G Lq'(T1，T2; Lq), where 
1 1 1 1 
- = - + ^ - and — 
q s P q' 
1 1 1 
1 场一二一 + -. 
q s p 
1 1 
s' p (1.17) 
Then, we apply the following lemma: 
L e m m a 1.2.1. Let w 二 VK * g with g G Lq'(Ti,T2；； Lq). Then 
w Lr' (Tl ,T2;Lr) < C | | g Lq' (Ti,T2;Lq) 
provided that 1 < q < r, q < q' < r ' , and 
1 1 1 1 
——— - < 1. 
q r q' r' 
(1.18) 
Substitute condition (1.17) into (1.18), we have w G Lr'(Ti,T2； Lr) if 
1 1 1 1 1 
+ 2 ] + ； < 1. 
p r J \s' p r'乂 
1 
- + - — 乂 s p r 








3 36 2 26 1 , , 1 
<-+ 1^ + ] + !^ = 1 — 6 + 6 二 1, 





therefore, w G i �L � ). 
Conversely, we still have w G L r (Ti , T2; L r ) provided that 
1 1 ^ 5p 
——< - r < 
p r 5 5 — p5 
Since the ratio of improvement in regularity r/p > 1, we must have 
w G Lp(0, T； Lp) with p > 5 within a finite number of steps. Hence, w G 
L⑴(Ti,T2; L⑴). 
1.2.3 The Biot-Savart Law and Parabolic Regularity 
In order to use the previous regularity result for w to deduce the regularity 
of u, we need the Biot-Savart law: 
1 厂 ^ - f 
u = 4 n L X w ⑷ 农 + 刷 ， （1.19) 
where A(x) is harmonic in Q. 
Deduce from (1.19), a typical result in [15] listed as follows: 
T h e o r e m 1.2.2. 1. If w G L⑴，then u G L⑴. 
2. If w G Cthen u G Ca. 
f G Ca means f is a-Holder continuous, i.e. 
I f ( x ) — f ( y ) | < C|x — y\a. 
Apart from (1.19), we also need the following theory of Hoolder regularity 
for the parabolic equation (1.16) in [16]: 
T h e o r e m 1.2.3. Let Xo = (xo,to) and suppose w G L⑴(Qr(Xo)), where 
Qr(Xo) = Br(xo) X (to — r 2 , t o ) . Then 
1. if g G L⑴ ( Q r ( X o ) ) , then for any a G ( 0 , 1 ) , w G Ca(Qr/2(Xo)). 
2. if Dkg G Ca(Qr (Xo) ) , then w G Ca(Qr/2(Xo)), for any k > 0 . 
As above, we have deduced tha t w G L ^ ( T i , T2； L⑷）.By Theorem 
1.2.2(1) , u G L⑴(Ti,T2; L⑴)and h e n c e g G L⑴(7\，『2; L ⑴ ) . B y T h e o r e m 
1.2.3(1), we have w G Ca. Then Theorem 1.2.2(2) implies u G Ca and hence 
g G Ca. Theorem 1.2.3(2) implies Dw G Ca and so on. By repeatly applying 
theorem 1.2.2(2) and theorem 1.2.3(2), we finally showed that u G C⑴. 
13 
1.2.4 Later Developments 
Later, in 1964, Fabes, Jones, Rivere [17] has extended the result to the 
case where equality holds in the condition (1.15) for 3 < s < oc. The limit 
case s = 3 and s' = oo was treated by Struwe in [18] under the condition of 
smallness of the corresponding norm. 
Takahashi [19] and Kim, Kozono [20] showed that the boundedness con-
dition in the mixed Lebesgue spaces could even be replaced with smallness 
condition of norms in the mixed weak spaces. 
It is worth to point out that in all papers cited above, the method is 
basically the same, analysis on the vorticity form (1.16) instead of the original 
Navier-Stokes equations. This is because the pressure term does not appear 
in (1.16), the equation looks parabolic. We have well-developed regularity 
results [16] and it is easy to deduce regularity of u from w by the Biot-Savart 
Law (1.19). 
Finally, I would like to emphasis that the other limit case s = o and 
s' = 3 in the condition (1.15) is finally shown that the result made by Es-
cauriaza, Seregin, Sverak in a series of paper [21], [22], [23] and [24] still 
holds. However, the method they used was the backward uniqueness for 
the parabolic equation instead of analyzing the vorticity form of the Navier-
Stokes equations. 
1.3 C K N Par t i a l Regula r i ty Theory 
1.3.1 Backgrounds and the Main Result 
When Leray first introduced the Leray-Hopf weak solution in [2], he also 
proved the following result: 
T h e o r e m 1.3.1. There exists a finite or countable sequence Jo, J i , J2，… 
such that Jq C R+, Jo = {t : t > a} for some a, Jq is an open interval for 
q > 0, the Jq are disjointed, the Lebesgue measure of R+ — UQ^o Jq is zero, 
u can be modified on a set of Lebesgue measure zero so that its restriction to 
each R 3 X Jq becomes smooth, an^ J2q>o(length(Jq))1/2 is finite. 
From the theorem, we can conclude that those points making the Leray-
Hopf weak solution not smooth are not much since they are contained in a 
Lebesgue measure zero. Such result depict the so-called "partial regularity" 
which is an estimation on the dimension for the set of singular points. 
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Later, inspired by the partial regularity theorem of Leray, Scheffer began 
his studies. Throughout a series of paper [25], [26] and [27], he obtained the 
following result: 
T h e o r e m 1.3.2. For f = 0, there exists a weak solution of (1.2) whose 
singular set S, which is defined as the set that curl u is bounded, satisfies 
H5/3(S) < o and H 1 ( S n (Q x {t})) < o uniformly in t, where Hk denotes 
Hausdorff k-dimensional measure (defined in [28]). 
Caffarelli, Kohn and Nirenberg, CKN, partial regularity theory in [7] is 
an improvement of Scheffer's theorem. Hereafter, we adopt the following 
definitions: 
D e f i n i t i o n 1.3.1. A point (x, t) is regular if u is essentially bounded in a 
neighborhood of (x，t), i.e. if u G L⑴(U), where U is a neighborhood of (x, t) . 
A point (x, t) is singular if it is not regular. 
D e f i n i t i o n 1.3.2. For a set X C R 3 x R and k > 0, the k-dimensional 
parabolic measure is defined as 
Pk (X) = 1皿“00+ Pk (X)，where 
Pk (X) = i n f l t rl ： X C U (xi，ti)，r, <6\ 
^ i= 1 i= 1 J 
and Q;(x，t) = Br(x) x (t - r^，t + r 2 ) . 
D e f i n i t i o n 1.3.3. The pair (u，p) is a suitable weak solution of (1.2) on 
an open set D C R 3 x R with f G L q (D) for some q > | if the following 
conditions are satisfied: 
1. p G L 5 / 4 (D) , 
2. there exists two constants Eo, E < oc such that J^ |u | 2 dx < Eo, where 
Dt = D n (R3 x {t}), for almost every t such that Dt is not empty, and 
JJD | V u | 2 d x d t < Ei, 
3. u and p satisfies (1.2a) and (1.2b) in the sense of distributions on D, 
4. u satisfies the generalized energy inequality: 
For each real-valued • G with • < 0, 
2 / / 丨 赠 < / / • < [|u|2(0t + A0) + (|u|2 + 2p)u.•於 + 2(u• f)0]. (1.20) 
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Notably Scheffer find a suitable weak solution in case Q 二 R3 , f 二 0 and 
uo G L2(Q) of (1.2) in [26]. 
Now, we state the main theorem of the CKN partial regularity theory: 
T h e o r e m 1.3.3. The one-dimensional parabolic measure of the set S of 
space-time singularities of a suitable weak solution is zero, i.e. P1 (S) 二 0. 
.3.2 A Local Conditions for Regularity of u 
In this section, let Qr(x, t) 二 {(y, T) : |y — x| < r, t r2 < < t}. We 
would like to show if u, p, and f are sufficiently small on the unit cylinder 
Qi 二 Qi(0,0), then u is regular on the smaller cylinder Q1/2 二 Q寧(0, 0). 
The precise statement is stated as follows: 
T h e o r e m 1.3.4. There are absolute constants ei and Ci > 0, and a constant 
62 二 62 (q) > 0 depending only on q, with the following property. Suppose 
(u,p) is a suitable weak solution of the Navier-Stokes system on Qi with 
force f G Lq , for some q > 暑；suppose further that 





|f |q < 62. 
\ 5/4 
| p | d ^ dt < 6 i (1.21) 
(1.22) 
|u(x, t ) | < Ci 
for Lebesgue-almost every (x, t) G Qi/2. In particular, u is regular on Qi/2. 
If • G C⑴(Qi), • > 0, and • vanishes near the boundary of Qi, which is 
{|x| 二 1} U {t 二 —1}, then for —1 < s < 0, we take the scalar product of 
(1.2a) with 2u0 and integrate over Bi x (—1, 0), 
/ / ut • (2u0) 
J-i JBi 
[ 厂 ( m t 小 二 / 
Bi - i Bi 
[ | u | 2 ^ - /_； /B 
u | V 
|u|20t 
- | u | V t 
i - i 









\ — / 
U ) U 
£ 
d|U|2 , 
















u i U|2 d X 
| u | 2 ( U • V 0 ) , 
厂 / (Au) • (2U0)= > > 厂 / 




- > L L dXj 2 H 0 - > I： L 
-2 [7 |VU|20 + > 1 / 7 Uj2u 
^-WBi i 丄 J-iJBi 
2 U , 歷 
dxi j dxi 
dX! 
- 2 �f |Vu | 2 0 + � [ |u | 2 A0 
- i Bi - i Bi 
厂 / (Vp) • ( 2 u 0 ) = > > 厂 / 




> I： L i p2 k 0 > I： L 





2p(u • V0) , 
厂 /" f • (2u0) = 2 /" V (u • f )0. 
- 1 Bi - 1 Bi 
Therefore, we have 
[ |u |20 + 2 / V |Vu | 2 0 
1 Bi ' B i x { s } 
< 
J-IJBi 
U (0t + A0) + (|u|2 + 2p)u • V 0 + 20(f • u) 
(1.23) 
For each fix Lebesgue point (a, s) for u in QI/2(0，0), note that Qi/2(a, s) C 
QI(0, 0). We choose a smooth 0 > 0 with 0 三 1 on Qi/4(a，s) and supp 0 C 




s- Aj<t<s J |x-a|< 
u 2 + 26 








2 ( a , s ) 
Q l / 2 ( a , s ) 
4 … Q 1 / 4 ( a , s ) 
u|2(0t + A0) + (|u|2 + 2p)u • V 0 + 20(f • u) 
u + / / ( |u|3 + H u | ) + / / |f 




Q l / 2 ( a , s ) I L 
+ / / ( |u|3 + |p||u|) 
'Ql/2(a,s) 
+ ( / / \ u \ �（ f f 
\ J JQi/2(a,s) / \ J J Q 
|f 
Q i / 2 (a,s) 
<C(eT + ei + e; /3e2 /q) < Cef3， 
1/q 
(1.24) 
where J* denotes an average and those “C”s are all universal constants. 
To obtain the last line of (1.24), we assume further smallness conditions 
on ei and e2 e.g. ei < 1 and &^^ < ej,3 . 
To prove Theorem 1.3.4, we observe that we have 
厂 |u | 2 (x ,s) < C e 2 / 3 (1.25) 
Mx-a|< 4 
from (1.24). If (1.25) is true even if the domain of integration is replaced by 
|x — a| < for all n > 2, it then follows tha t 
|u | 2 (a ,s) < Ce1 /3 = C2 
and hence |u(x , t ) | < Ci for Lebesgue-almost every (x, t ) G Q1/2. We com-
plete the proof of Theorem 1.3.4. 
In detail, we introduce the following statements: 
/ 厂 |u|3 + / 厂 |u| |p — pn|< ef3， (1.26) 
^ ^Q i / 2n (a,s) 2 J J Q i / 2 n (a,s) 
where 
and 
Pn = pn � = p dx, 
J|x-a|<1/2 n 
sup 
i c-a|< 2 
u|2 + 23n " |Vu|2 < Ce1 /3, 









We observe that (1.24) is just (1.27) when n = 2. If we can derive: 
1. (1.27) is true for 2 < n < k, implies (1.26) is true for n = k + 1, if 
k > 2. 
2. (1.26) is true for 3 < n < k, implies (1.27) is true for n = k, if k > 3. 
By induction, we obtain (1.27) holds for all n > 2, and hence 
u 
x-a\< 7 
-(x,s) < Ce2/S for n > 2. 
The proof of these induction steps are skipped since they involve a lot of 
tedious estimations. 
1.3.3 The Blow-up Estimate 
Theorem 1.3.4 may be rescaled to the following result concerning suitable 
weak solutions on any cylinder Qr = Qr(x, t). 
T h e o r e m 1.3.5. Suppose (u,p) is a suitable weak solution 




s + |u||p|) + 
1 
r i s / 4 
f v / 4 
/ | p | d ^ d r 











for Lebesgue-almost-everywhere on Qr/2. In particular, u is regular on Qr/2. 
Suppose that (xo, to) is a singular point in Qr/2. Since q > 5/2, 
r Sq-5 / / |f |q — 0 as r — 0. 
J JQr 
Therefore (1.29) must be satisfied for sufficiently small r . 
By contrapositive, we could conclude that (1.28) is fail on Qr, 
1 ^ / £ ( | u | S + | u | | p | ) + ；！^! 
r2 \ y- x\<r 
5/4 
p|dx dr > ei 





This suggests that close to a singular point (补，力�），|u| > C as r C r 
Y ^ j x — ^ O F . When u grows rapidly, it is natural to guess tha t the 
rate |Vu| is also singular. The precise statement is stated as the following, 
which asserts tha t it is true in the sense that |Vu| > C2 as r — 0. 
T h e o r e m 1.3.6. There is an absolute constant epsilon > 0 with the follow-
ing property. If (u,p) is a suitable weak solution of the Navier-Stokes system 
near (x, t) and if 
l i m s u p 1 / / |Vu|2 < es, (1.30) 
r ^ O r J JQ-^(x,t) 
where Q;!(x, t) 二 Qr(x, t + 臺r2), then (x, t) is a regular point. 
Without loss of generality, we may assume that (x, t) 二 (0, 0) and (u, p) 
is defined on a neighborhood D of (0,0). The idea of the proof is to use 
Theorem 1.3.5 showing (0, 0) is a regular point. 
Recall from the definition of a suitable weak solution, f G L q (D) for some 
q > 2, therefore as r < 1, 
r S q - ^ [ | f | q < r 5 / 2 / 7 |f 
J JQr J J D 
q 4 0 as r 4 0 
' Q r J
whenever Qr C D. Hence, the assumption (1.29) is satisfied. 
To show the assumption (1.28) is also satisfied, we consider the zero-
dimensional quantity 
M(r) 二 G2 / s ( r ) + H*(r) + Mr) + K*8/5(r)， (1.31) 
where 
G*(r) k f f |u| s , H*(r) = / / | u | ^ | | u 2 | — ^ r
 J JQt
 r
 J JQ* 
2 
r J JQ*r 
rr 2/8 
2 / 8 \ J Br 
\ 5/4 
|p |dy) dt, J*(r) 二 r | u | | p | , K*(r) 二 rm 
with Q* 二 Q*(0, 0) and the following lemma: 
L e m m a 1.3.1. Let (u,p) be a suitable weak solution of the Navier-Stokes 
system with force f on Q*p. Assume 6*(p) < 1 and F*(p) < 1. Then, for 
r < 1 p, 
M*(r) < C2‘ 
where 
1/5 
p M*(p) + �[ M * 1 / 2 ( p ) 6 l / 2 ( p ) + M * ( p ) 6 * ( p ) + F * ( p ) + 6 * ( p ) 
(1.32) 
6养现 1•《眷錢 1 f 3/2 
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The important feature of Lemma 1.3.1 is tha t every terms in the right-
hand-side of the estimate (1.32) involve a multiplication with a positive power 
of (p) or F^(p) or the factor ( r /p ) 1 / 5 , which is assumed to be small. 
By Lemma 1.3.1, we can choose a constant 7 so that 
C271 /5 < 1 and 0 < 7 < 1 . „ , Y . 
6 ^ - 4 
With Y fixed, further suppose that 
M"*(p) > ei, 
we choose another constant 0 < 63 < 1, so 
/ / 6
 )
 i / 2 )  
- 2 / . , / \ / 1 — J o 广 � 一 2 , 1 C 2 Y 6 3 + e^J j < 6 and 2C2Y 63 < ^^i. 
Assuming 
F,(p) < 63 and 6*(p) < 63, 
as long as r < 4p, we conclude from the estimate (1.32), 
崎 p ) < C ^ � / M,(p) 






M i1 /2(p)6 i1 /2(p) + M,(p)6,(p) + F*(p) + 6*(p) 







6 M*(P) + C 2 7 - 2 �6 3 + Z^J J M , ( P ) + 2 C 2 7 - 2 6 3 
3M,(p ) + 1 e1 < 2M*(p). 
(1.37) 
Finally, we find that the assumption (1.30) in Theorem 1.3.6 implies tha t 
6*(r) < 63, and again by Holder's inequality, for r < 1, 
F , ( r ) = r 部 f f 1 /1 3 / 2 < C r 7 / 2 - 6 / ^ / | / 
J J \ J JQ*^ 




Then, whenever ro > 0 satisfies (1.36) for all p < r � ’ by repeatly applying 
(1.37), there exists n such that M本(y^ro) < ei. Hence, 
liminf M (r) < ei 
r ^ o 
implying 
丨皿: f { • / i ( 1 u 1 3 + 1 u 1 | p 1 ) + ri^T^ J Z ( L I p 1 ) 〜 } < � 
Now the assumption (1.28) is also satisfied, therefore by Theorem 1.3.5, 
(0, 0) is a regular point. 
1.3.4 Estimating the Singular Set 
From the blow-up estimate (1.30), we are ready to prove the main result 
of CKN theory, Theorem 1.3.3: 
Let S be the singular set of a suitable weak solution of the Navier-Stokes 
equations, V be any neighborhood of S, and choose 5 > 0. For each (x, t) G 
S, by contrapositive, we can always choose a cylinder Q*(x, t) C V with 
r < 5, such that 
1 / / I v u 12 > e, 
otherwise, (x, t) would be regular by Theorem 1.3.6. 
Then, we apply the following covering lemma, which is an analogue to 
the well-known Vitali covering lemma: 
L e m m a 1.3.2. Given a family of parabolic cylinders Q*(x, t), there exists 
a finite or countable disjoint subfamily {Q*. (x^, ti)} such that for any cylin-
der Q*(x, t) in the original family, there exists an i such that Q*(x,t) C 
Q 5 ri ( x i , t i ) . 
We obtain a disjoint sub collection of cylinders {Q*.(而，ti)}, such tha t the 









Recall V u G L2(0, T； L2(Q)), so ri is finite. Since ri < for all i 
and S C U 二 Q5ri (x i , t i ) , we have 
" ( S ) < C i ( 5 r i ) 5 < C ( 4 i r i < C 
i=i i=i 
it follows " (S) 二 0 since (^  is arbitrary. 
As |V7u|2 is integrable and V is an arbitrary neighborhood of S, we can 
make | / J y |Vu|2 as small as we wish. The above construction provides a 
cover with E i (5 r i ) arbitrary small, so Pi(S) 二 0. 
1.3.5 Later Developments 
Starting from Theorem 1.3.6, we can derive various of regularity criteria. 
Tian and Xin have proven the following theorems in [29]: 
T h e o r e m 1.3.7. There is an absolute constant ( 
property. If (u,p) is a suitable weak solution of 
near (x, t) and if 
limsup / / |u|3 < e 
r—O r J JQ*(x,t) 
then (x, t) is a regular point. 
T h e o r e m 1.3.8. There is an absolute constant ( 
property. If (u,p) is a suitable weak solution of 
near (x, t) and if 
> 0 with the following 
the Navier-Stokes system 
i, (1.38) 
：2 > 0 with the following 
the Navier-Stokes system 
l imsup ess sup ^ U |u(x, t) |2 < 62, (1.39) 
r ^ o - r 2 < t < o r J J Br (x) 
then (x, t) is a regular point. 
T h e o r e m 1.3.9. For any M > 0, there is an absolute constant > 0 
with the following property. If (u,p) is a suitable weak solution of the Navier-
Stokes system near (x, t) and if 
lim sup ess sup - f f 
r^o -r2<t<o r J J Br ( r r (x) 
and 
u(x, t ) | 2 < M 
l i m s u p ^ / / |u|2 < 63(M), 
r ^ o r J jQ*(x,t) 
(1.40) 
(1.41) 
then (x, t) is a regular point. 
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T h e o r e m 1.3.10. For any M > 0, there is an absolute constant e4(M) > 0 
with the following property. If (u,p) is a suitable weak solution of the Navier-
Stokes system near (x, t) and if 
l i m s u p l ( ( |Vu|2 < M (1.42) 
and I I 
l i m s u p ^ 斤 |u|2 < e4(M), (1.43) 
then (x, t) is a regular point. 
Regarding to the proof of CKN theory, Lin, Ladyzhenskaya and Seregin, 
Seregin have given some simpler proof in [30], [31], [32] respectively. 
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Chapte r 2 
On Axially Symmetr ic Flows 
Wi thou t Swirl 
2.1 In t roduc t ion and t h e Main Resul t 
In this chapter, we concern here with the regularity criteria of axisym-
metric weak solutions of the Navier-Stokes equations. Recall the basis for 
the cylindrical coordinate system: 
x i x2 
r r 
x2 x i 
,0 , e , = —二，二, 0 , ez = (0,0,1), r r 
where r = \ / + x2. We are able to express the solution u(x, t) of the 
equations (1.2a)-(1.2b) in the following form: 
u(x, t) = u r ( r , d, z, t)er + u^(r, Q, z, t)tQ + us(r, Q, z, t)es. (2.1) 
By saying that u is axisymmetric, we mean tha t u r , u^ and us are all 
independent of Q, i.e. u r ( r , Q, z, t) = u r ( r , z, t), u^(r, Q, z, t) = u^(r, z, t) and 
us(r, Q, z, t) = us(r, z, t). Since the dimensional is now reduced in some sense, 
we believe that the computation will be easier. Nowadays study of axially 
symmetric flows is a hot research topic. 
In addition, the quantity u^ in (2.1) is called the swirl component of u. 
We are going to review the axially symmetric flows without swirl, there exists 
a regular solution global-in-time. The precise statement is stated as follows: 
T h e o r e m 2.1.1. Let T G (0, TO) be arbitrary, and let uo G H2(RS), div uo = 
0, and f G L2(0,T； H i ( R S ) be axially symmetric. Then there exists a global 
axially symmetric solution to the Navier-Stokes equations satisfying 
u G L^(0 ,T； H 2 ( R S ) ) n L2(0 ,T； H S ( R S ) ) and 尝 G L 2(0 ,T； H I ( R S ) ) . 
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The result has been proved in 1968 independently by Uchovskii and Yu-
dovich in [9] and Ladyzhenskaya in [8]. The key step which is found in both 
papers is that : The convective term in the vorticity form of Navier-Stokes 
equation, [Vcurl u]u, is orthogonal t o u in L2(R3) , where r is the dis-
tance from the axes of symmetry. This observation is justified by adopting 
Galerkin method which requires construction of special bases in spaces. 
Later, in 1999, Leonardi, Malek, Necas and Pokorny gave a simpler proof 
to the same result in [33], they justified the observation by directly testing 
the vorticity form of Navier-Stokes equation b y ^ , derive the estimates 
and pass to the limit as e — 0. In this chapter, we will go through this 
simpler proof. 
2.2 A Local- in- t ime Exis tence Resul t 
To construct an axisymmetric solution to the Navier-Stokes equations, 
we need the following lemma on the non-stationary Stokes system: 
L e m m a 2.2.1. Let T G (0，o) and k > 2. Assume that Uo G Hk(R3) and 
F G L2(0，T； Hk-1 (R3)) are axially symmetric. Then there exists an unique 
axisymmetric solution to the evolutionary Stokes system: 
dt 
such that 
du � 鬥 ” 
- A u + V p = F 
div u = 0 
u(x, 0) = Uo(x) 
in R 3 x (0，T)， 
in R 3 x (0，T)， 




u G L⑴(0, T； Hk(R3)) n L2(0，T； HK+1(R3)) 
G L2(0，T； HK-1(R3)) 
Fix a time t > 0, if we define a solution set by 
X = X � ={ u G L^(0，t； H2(R3)) n L2(0，t； H3(R3))，u is axisymmetric}， 
and we further assume that Uo G H2(R3) and f G L2(0，�；H1 (R3) be ax-
isymmetric and divergence free. 
For all u G X, let S be an operator such tha t S(u) solves (2.2) for 
F = f - (u • V )u . By Lemma 2.2.1, we have S(u) G X for all t G (0，o). 
Therefore, if we can show the operator S : X — X is a contraction 
mapping, then we can apply the Banach fixed point theorem to ensure tha t 
there exists u G X such that u = S(u), which means Navier-Stokes equations 
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has an axisymmetric solution u locally on (0, t). Again, by Lemma 2.2.1, u 
is axisymmetric. 
For any pair of u', u" G X, if S(u') and S(u�）solve (2.2) for F = f — (u' • 
• ) u ' and F = f — ( u � • V)u". Let g = ( u � • V )u" — (u' • V)U', the difference 
u' — u" actually solves (2.2) for F = g. Therefore, to see S is contractive, it 
is sufficient to estimate only g and Dg in L2(0, t; L2(R3)): 
Dg = ( u � • V)Du" + (Du" • V ) u " — (u' • V)Du' — (Du' • V ) u ' 
= ( ( u " — u') • V)Du" + (u' • V)D(u" — u') 
+ (D(u" — u') • V ) u " + (Du' • V ) ( u " — u'), 
f l|Dg(T)||2dr < f ||D(u" — u')(T)||2,2(||Du"(r)||1,2 + | |Du'(r) | |2,2)dr 
Jo Jo 
f | | ( u � — u')(T)||2,2||D2u�(T)||2d丁 
o 
+ 
+ |D2(u" — u')(T )||2||u'(T )||2,2dT 
o 
< C ' i | |u" — u'||X, 
similarly, we have the L2-estimate for g. For t < -^17, we have proven the 
following theorem: 
T h e o r e m 2.2.1. Let u � G H2(R3) and f G L2(0, TO; H 1(R3) be axisymmetric 
and divergence free. There exists an unique axisymmetric solution to the 
Navier-Stokes equations such that 
u G L⑴(0, t; H2(R3)) n L 2(0, t ; H 3 (R 3 ) ) 
du 
dt 
G L 2(0, t ; H 1(R3)) 
2.3 A Pr ior i E s t i m a t e 
To extend our results, Theorem 2.2.1, to a global one, firstly we denote 
be the supremum for all t > 0 such that Theorem 2.2.1 holds. We also 
asumme that t* < oc and try to derive a contradiction. 
If we are able to find one, we can conclude that t* = oc and the proof of 
Theorem 2.1.1 is completed. 
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In this section, we would like to prove a priori estimate: 
T h e o r e m 2.3.1. Let UQ G H2(R3) and f G L2(0, o ； HI(R3) be axisymmetric 
and divergence free. Let t < t*, Then 
w(t) 
< C (UQ,f), 
l |w(t)||2 + | | V w ( r )||2 + 
w(T) 
2 
dT < C(uQ,f), 
(2.3) 
(2.4) 
where C(uQ, f) is a quantity depending on ||uQ||2,2 and JQ^ | | f (t) | |2 ,2dt. 
To begin, fix t < t*, let (u,p) be the axisymmetric solution on (0, t) given 
by Theorem 2.2.1. Because of the regularity of u, we can take curl at both 
sides of the Navier-Stokes equations. Recall u r and u3 are independent of 9, 
we have assumed that u^ = 0, therefore 
curl u 
'1 dU3 du'\ 
J d9 dz 





1 •5(rue) dur 
dr d9 e3 
dz dr ee. 
Therefore, the vorticity has only one non-zero component under the cylin-
drical coordinate system. Let w = — dU3, we can formulate the vorticity 
form of the Navier-Stokes equations as follows: 
dw 
~dt 
+ u r 
,dw dw U' 
o + U3- w 
or dz r 
d2w d2w 1 dw w , , „, h 
^ + 应 + 1 ^ - w + ( c u r l f )e. ( 2. 5 ) 
Then we take the scalar product of (2.5) with r 
and integrate over R 3 with respect to the measure r dr dz 
for sufficiently small 
1 � 1 。 
I - ^ IQ 
厂 / 。 
J-^ JQ 
/ � 1 
Q 
'dw w 
r dr dz 
1 d_ 
2 Ft 
noc roc w 
a-； r dr dz 
U' 
力w w 
dr r 2 -
r dr dz 
- 1 厂 厂 
2 Q 
du" w2 
dr r i - ' 
dr dz 
'⑴广ur w 2 
� dw w , , 
U3:———r dr dz 
dz r2-^ 
- 1 R 厂 
2 Q 













With the incompressible condition div u = 0 of axisymmetric solutions 
in the cylindrical coordinate system is formulate as: 
1 d 1 d u \ du3 u r 5u r du 
0 = div u = - — (rur) + — + = ^ ———+ 
r dr r 36 dz r dr dz 
therefore we have 
dt 
1 d 
dr dz r ) r 
'�"⑴广 dw r dw dw u r ) w , , 
+ u ———+ u ^ w ^―^r dr dz 
r 乂 r2_ 




Similarly, from the following: 
52w w 
2 
r dr dz 
^ I- c^ lo 
� u r w2 (2.6) 
rr 2 
r dr dz. 
n 
Jo 
dr 2 r2_ 
r dr dz 
/ c / c 
J _c Jo 
/ C / = 
o 
have 
/ C / C 
J _c Jo 






r dr dz I c / o 
dww(e — dr dz 
dr r 
d ( w 
r_2 
r dr dz — (e — 1) 
/ c / c o 
1 dw w 
r dr r2_' 
r dr dz 
'52w w 
dz^ r2_' 
r dr dz 




-r dr dz =— 




w r i - 1 r dr dz 
r dr dz 
‘1 dw w 
r dr r2_' 
广c ^ 一、 1 , , e — 2 1 
2 I w1
2(e — 2 ) ^ d r dz = — r 2 / C / C o 
w 
e - 2 
_ 2 r r dr dz, 
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Combining (2.6) and (2.7), let g = (curl /)0, we derive: 
1 d_ 
2 d t 
/ �j 。 
o 
w 
e - 2 -1 r r dr dz 
+ 
/ �I 。 
o 
w 
g — ^ r dr dz + 
r>2 — e 
� 1 。 J J o 
/ 7 o 
w 
� u r w2 
+ 
r dr d 
e2- w 
r 2 - 2 
2 J - J o r r 2 - e 
Lastly, we look at those terms on the right-hand-side of (2.8): 
f d / r d/3 ) w 




w r»00 /»CXD 
r dr dz ；、w 
/ �I o 
dz 5r y/ r 2 -
dr dz 
r dr dz 
r2 
( f / ddz ( r 1 - ^ ) — / 3 d r ( r 1 - V 
� ,r r - d ( w ) - d ( w ) f - w \ 
/ r r ^ n — / 3r n ^ / 3 r 2 d r d z， e - 2 -1 r V z 
5 dr r 2 r 
and give out an estimate by Hardy, Young and Agmon's type inequalities: 




r dr dz < 
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a - 1 V -
w 
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' � 广 u r w 2 
/o r r 2 e 
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+ C "||Du||2 | |D2u||2 
w 
e - 2 
-1 r 
Therefore, for sufficiently small 6, we have 
d_ 1 ' � 1'’ 
^tLoo Jo 
w 
r dr dz 
< V w e - 2 -1 r + 
w 
2 - -r  2 + C ' | | / 1 | 2 , 2 + C � | | D u | | 2 | | D
2 u | | 2 
w 
e - 2 
-1 r 
(2.9) 
Integrate (2.9) with respect to time for all T G (0, t), 
w(T ) 
1 - -厂丄 2 
< C ( u o , / ) + 6 / | |Du(s) | |1,2 
o 
w(s) 





1 2 r 2 
2 








2 2 2 
2 2 2 
2 2 T 
2 2 
and apply Gronwall lemma, implies 
w(T ) 
a - 1 
< C (uo , f ) exp (e 义t | |Du(r)| |! ,2dT) (2.10) 
By the assumption on u, the right-hand-side of (2.10) is finite. As < 
| for r G (0, 1) and 
r 1 - 2 
< |w| for r > 1, by Lebesgue dominated theorem, 
we can let e — 0 and obtain (2.3). 
For the estimate (2.4), the steps are similar but the result is obtained by 
taking the scalar product of (2.5) with w instead of . Therefore, we are 
going to skip the details. 
2.4 P rov ing t h e Global Exis tence Resul t 
As mention in the previous section, we are going to prove Theorem 2. 
by contradiction: Assume t* < oc, then we have 
l i m s u p | |u ( t ) | | i ,2 = oc. (2.11) 
t^t* 
Otherwise, we can show that u G C(0,t; H2(RS)) for all t G (0,t*) and 
d G L2(0,t; H I (R S ) ) . By Theorem 2.2.1, we can extend (u,p) behind t* but 
this contradicts to the definition of t*. 
is equivalent to ||Du||2 and | | V w||2 + | | �| | 2 is equivalent to Since 
|2, 
w 
||D2u||2, (2.4) can b e r e w r i t t e n as 
| |u(t) | |? ,2 < C | |uo| |2 J | | f | | 2 , 2d r 
which holds for all t < t*. Take lim sup at both side, we have 
lim sup | |u(t)| |2 2 < oc. 
t ^ t * 
This contradicts to (2.11) and therefore t* = oc. The axisymmetric solu-







Chapte r 3 
On Axially Symmetr ic Flows 
with Non-zero Swirl 
In this chapter, we still restrict ourselves on axisymmetric flows as in 
chapter 2, however, with a general swirl component not necessary to be zero. 
Firstly, we review a result given by Chae and Lee which can be interpreted as 
the Serrin's type condition for axially symmetric problems. Then, we review 
the work of Chen, Stain, Yau and Tsai on the bounds of blow-up rate of 
the axisymmetric solutions, which is a natural question arised from the CKN 
partial regularity theory. 
3.1 Serr in ' s T y p e Regular i ty Condi t ions 
3.1.1 Backgrounds and the Main Result 
As mentioned in section 1.2.4, many mathematicians tried to prove reg-
ularity for solutions to the Navier-Stokes equations under the assumption 
that u G Ls'(0, T； L s) , where f + 2s' 二 1 for s > 3. In 1995, Beirao da Veiga 
suggested a regularity condition on the vorticity instead of velocity in [34]: 
T h e o r e m 3.1.1. If D u G L s ' (0,T； Ls), where f + S 二 2 for s > 3, then 
D u G C(0,T； Ls") n Ls"(0,T； L 2 s) , where + 二 1. In particular, u is 
regular. 
Later in 1999, Chae and Choe modified this theorem by imposing the 
same condition on just two components of the vorticity in [35], which says 
that controlling only two components of the vorticity is sufficient to ensure 
regularity. In 2002, Chae and Lee consider the same problem for the axisym-
metric case in [10]. Their main result is stated as follows: 
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T h e o r e m 3.1.2. Let u be an axisymmetric weak solution of the Navier-
Stokes equations with uO G H2(Q), div uO 二 0 and Q is a bounded domain 
or Rs. If w^ G L s ' (0,T； L s(Q)) , where f + f < 2 for s > 誉,then the weak 
solution u is smooth in Q' x (0, T), where Q' CC Q. 
3.1.2 A Brief Discussion on the Proof 
For simplicity, we assume Q 二 Bfr and Q' 二 B2r to illustrate some im-
portant steps to prove Theorem 3.1.2, the idea is similar for general domain. 
Firstly, we consider the voriticity form of the Navier-Stokes equation 
(1.16), let • be a smooth cut off function satisfying supp • C B2r, 0 < • < 1 
and •三 1 on Br, take the scalar product of (1.16) with w•说,integrating 
over R s gives us: 
f dw ,2k , 1 d 
—w02k dx 二 - — 
/r3 dt � 2 dt w4^ |
2 dx 
/ — Aww02k dx 二 一 ^  / 
JR3 JR3 
d 2w. 
wj 於2k dx 
6=1�B2 d x i d x i j j B 
J： f 「 d ( w , ) �,，d , ] d(w,) 




xi j x 
s 
V ( w 0 k ) | 2 dx — 2 5 
i , j= 1 








dxi ^ ‘ — JB2r d x:，丫' dx. 
j (wj f dx 
B2, 
w.變 dx— f [ w. (w. fk) d t d x 
w j dxi dxii dx ^^JB,^ w j ( w j 中)dxf d 
d f w f k - i d w t ) dx — |w|20k(Afk) dx, 
2, x xi 'B2r 
/ r 3 
(u •V)wwf2k dx 二 I ： [ U-(wjfk)4>k dx 
fz^�JR3 dxi 
d(wj f ) . k , uiwj / f dx — i j xi 人k d f ^ u-wjwj • —^ dx xi 
B2r 
B2r - i,j = 1 B2r 
(u . V ) ( w f )](wf)&) dxx — / [(u ] |w|20k dx, 
JB2r 
IR3 




So, we have 
2 基 义 |w•k |2 dx+jp |V(—k )|2 dx 
|w|2•k(A0k) dx + 2k 
'B2 
气 麵 d x 
dx dx. 
+ [(u • V ) 0 k ] | w | 2 0 k dx + [(u • V ) ( w 0 k ) ] ( w 0 k ) dx 
JB2r JB2r 
+ I (w0k • V ) u (w0k) dx. 
JB2r 
Then, we estimate the right hand side of (3.1.2). 
w 2 , ( A , ) dx 
'B2 
< C |w|2 dx. 
JB2r 3 t 
k
 
2 d、广1 d速dx dx dxi < c j JB2r 
w•k-1||V(w•k)| dx 
<e |V(w•k)|2 dx + C(e) |w•k-112 dx 
J B2r J B2r 
<e I |V(w•k)|2 dx + C(e) 






( | w | k ) k d x �乂 ( | w | 2 - 2 • 2 k - 2 )点 dx 
w dx (|w|•k)2 dx 
'B2r 
fc-1 
<e I |V(w•k)|2 dx + C'(e人 L �2 w 
'B2r 
+ C�(e) (|w|•k)2 dx 
' \ JB2r / 
The estimation of the third and the fourth term in the right hand side of 
(3.1.2) are similar, their bounds are the same as the second term, that means 
(u .•)0k]|w|2•)& dxx 
'B2r 
k-1 
<e |V(w•k)|2 dx + C'(e) ( / 
J B2r \ J B2 
w 'dx] + C"(e)( ( |w|0k)2 dx 
乂 乂 JBor / 
2 
(u • V ) ( w 0 k ) ] ( w 0 k ) dx 
<已 |V(w•k)|2 dx + C'(e) 
JB2r 
w dx 
+ C 〃、散 










To estimate the last term in the right hand side of (3.1.2), we substitute 
u = u r ( r , z, t)er + u没(r, z, t)e0 + u3(r, z, t)e3, 
w = w r ( r , z^�t)er + w^(r, z^�t)e0 + w3(r，z, t)e3 
V 
/ d u ^ / du^ — duA 
V dz 广“" y dz dr j' 
( ！ 1 ！ 
\^r, rde' dz 
into the term and compute 
+ 
(dv^ + u ! � 
dr r 
e3， 





w r d + w ! 1 芸 + w s D (urer + u ! e ! + "363) 
r d6 dzJ 
k 




+ # w � 1 du
r 
r d6 + 4> w3 dz 
(4>kwrer + 0kw!ee + •紀w3e3) dx 
d u r ) , , k — r 、 
f k r du! , k e 1 du! ,k  + 0k w^^- + 0k w! — "— + 0k w 
dr r d6 
w r) 
du!) 
� J z (0
k w) 
广，k r du3 k 0 1 du3 k d u 3 � , ,k � 
\ dr r d6 dz J dx 
; k w r 0 k w r + # w3 ^u： w r + 0 k w r 0 k w !  
, dr dz dr 
du! 
+ •k w ^ • w" + • wr ^u3 •k w3 + •k w^^f3 •k w3 dx 
du. 3 k 
dz dr dz 
We can show that those terms in the right hand side of (3.1.2) are all 
bounded by 
C (e)| |w ! ||Lp-B3r)||0k w||2 + e | | v (0 k w) 




k |2 dx+C |V(w•k )|2 dx 
J B2r 
<C (e) | |w ! || 品 3r ) | |0k w||L2(B2r ) + C ||w||L2(B2r ). 
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Using Gronwall's inequality, we have 
s u p | | w 0 k ( t)||i2 (B2r) + C | | V ( w 0 k )||i2(B2r) d t 
o < t < T J o 
< C ||wo||2 + w L2(B2r) d t exp C 
2p 
w � | | L - B 3r) d t 
Afterthat , we apply the following lemma: 
L e m m a 3. Let p > 1 and u G Lp(B2r) satisfying div u = 0 and w 
curl u G Lp(B2r). Then, | |Vu | |LP (B r ) < C | |u + C | | w | |Lp (B2r). 
We conclude tha t supo<t<T | | V u ( t ) | | L 2 ( B r ) < oc , hence u G L^ (0 , T； L6(Br)). 
Lastly, we apply Serrin's regularity result, Theorem 1.2.1, to deduce u is 
smooth in B, x (0,T). 
3.1.3 Later Developments 
In the same paper [10], Chae and Lee define f G La(0,T； LY(drdxs)) if 
noc roc 
f (r ,xs, t) |Ydrdxs dt < oc 
for axisymmetric function f and prove the following theorem: 
T h e o r e m 3.1.3. Let u be an axisymmetric weak solution of the Navier-
Stokes equations with the initial data uo satisfying ruo G L4 (Rs), rswo G 
L 2 (R s ) and uo G H 2 ( R s ) . 
1. If u r and u � i s in La(0, T； LY(drdxs)), where 2 < 7 < oc, 
and a + i < i , then the solution is smooth in R s x (0, T) 
2. If w � i s in La(0,T； LY(drdxs)), where 1 < 7 < TO, 1 < 
a + Y < 1, then the solution is smooth in R s x (0,T). 
< a < CO 
and 
As an immediate corollary of Theorem 3.1.3(2), we can reprove Theo-
rem 2.1.1 which claims the global-in-time existence of regular axisymmetric 
solution of the Navier-Stokes equations in the case without swirl. 
It is remarked that the marginal case 7 = 2 and a = TO have not been 
solved in [10]. Later in 2007, Seregin and Zajaczkowski adopted the same 
method that they have used to show the regularity of Ls ,�-so lu t ions in the 
original Serrin's regularity criteria (1.15), which is based on the backward 
uniqueness for the heat operator. 
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3.2 Lower B o u n d on t h e Blow-up R a t e 
3.2.1 Backgrounds and the Main Result 
By the CKN partial regularity theory, Theorem 1.3.3, we deduce that any 
singularities of an axisymmetric solution u must lie on the axis of symmetry, 
z = 0. Otherwise, such an off-axis singularity would give rise to a whole circle 
of singular points, hence H 1(S) > 0. However, we have H 1(S) < CP 1(S) = 0 
from Theorem 1.3.3 and this leads to a contradiction. 
In other words, the solution could only blow up on the axis of symmetry. 
Therefore, it is natural to ask about the lower bounds of the blow-up rate. 
Suppose u blows up at (xo, to), Leary proved in [2] that the blow-up rate in 
time is at least 
C 
M �狐 ⑴ 2 旧 , 
and recall that Theorem 1.3.5. suggests that close to (xo, to), 
C u > —. 
r 
Thus, the natural rate for blow up is at least 
O � 
|u(x, t) 
A/(XO — x)2 + to — t ‘ 
Therefore, it is a fundamental problem to determine whether u is regular 
or not if we have conversely 
C 
|u| < . (3.1) 
v | x o — x|2 + to — t 
In 2008, Chen, Strain, Yau and Tsai found a lower bound on the blow-up 
rate for axisymmetric solutions in [11]: 
T h e o r e m 3.2.1. Let (u,p) be an axisymmetric solution of the Navier-Stokes 
equations in D = R3 x (—To, 0) for which f = 0, u(x, t) is smooth in x and 
Holder continuous in t. Suppose the pressure satisfies p G L 5 / 3 (D) and u is 
pointwise bounded as 
|u(x, t ) | < C丨(r — t ) - 1 / 2 , (x, t) G D, (3.2) 
where r measures the distance to the z-axis and the constant C丨 < oc is 
allowed to be large. Then u G L⑴(BR(0)) x [—To, 0]) for any R > 0. 
Theorem 3.2.1 rules out singular axisymmetric solutions satisfying the 
bound (3.1). 
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3.2.2 Construction of Suitable Weak Solutions 
In this section, for any axisymmetric solutions (u,p) satisfying (3.2), they 
are suitable weak solutions on Qi = Bi x ( - 1 , 0). Firstly, we estimate u in 









|u(x, t ) 
dx < 
1 Crdrdz 
I>1 |X|^ (r2 - t)2 




Cr dr dz 




| < l , r 
poo 
x 
M o (r2 - 1 ) 2 
+ 





(r2 - t)2 
i+卢 
|z |<l ,r<l 
r d r + [ (1 + r 1 - " ) 
Q 
x|" (r2 - 1 ) 2 
C 
(r2 - t)2 r dr 
< C | t | - 1 + C + C | t | - f < C + C | t | - f . 
(3.3) 
It is remarked that the last inequality is obtained since P > 1. Secondly, 
we consider the following singular integral 
。 d 2 。 
^(x,t) 
/ r 3 
> 
dxidx. 
[ui(y,t)uj ( y , t ) ) 
1 
4 n | x - y1 
Ri = 
d y R i R j ( u i U j )， 
d/dXi 
"TT". where Ri(^) represents the Riesz transform, i 
Recall the following theorem from [36]: 
T h e o r e m 3.2.2. Let p G (1, o ) . Suppose T is a singular integral operator 
of the convolution type, and w(x) G Ap. Then for f G LP(R 3) , 
/ |T f (x ) | p w(x) dx < C If (x)|pw(x) dx. 
JR3 JR3 
Since | x | - " is an A2 weight function, by (3.4) and (3.3), we get 
/ R 3 
p(x,t)l2 dx < C 
1 
IR3 
u(x , t ) | 4 dx < C + C|t i+卢 
By virtue of the Holder's inequality, (3.5) and P < 
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( R 3 7 + 3 ) 5 
Therefore, we conclude that p G L3 (Qi). This implies p G L 5 (Qi ) . If we 
can show p(x, t) 二 p5(x, t) for all x and for almost every t, then (u,p) satisfies 
condition 1 in Definition 1.3.3 for being a suitable weak solution. 
Let h(x , t ) 二 p (x , t ) — ]5(x,t), fix 7 such that 臺 + < Y < 3, by the 
assumption p ( . , I ) G L 5 ( R 3 ) for almost every t, the Minkowski inequality, 
the Holder's inequality, (3.5) and 7 > 2 + ^^, we have 
dx C |p(x,t) | 3 dx + C f dx 
C|>1 义小 1 |x 
制 | 2 d ; 6 
|x|>1 | x | ^ 
[闲-(7-5約6 d x r ) < � . 
.Jlxl>1 乂 
(3.7) 
Since A h 二 0, h is harmonic. We fix a radial smooth function • 二 
0(|x|) > 0 supported in 2 < |x| < 4 satisfying J • 二 1. By the mean-value 
theorem for harmonic functions, (3.7) and 7 < 3, we have 
6 
where R > |x|. Therefore, |h(x, t)| — 0 as R w . This implies p G L 5 (Q i ) 
from our previous discussion. 
On the other hand, by (3.2), we compute 
| u (x , t ) | q dx dt < C 
j � 
i 2 r 2 sin 9dr d9 d p �q 
(r2 — t) 
r dr 
(r2 — t)2 
dt <
 C 丨 / _ : (1 — t ) 1 - n dt. 
We conclude that 
u G LfLX(Qi) whenever 丄 + 丄 > 1 令(1 — > 1. 
t x i q s 2 2 q 
s 
) q 








For any R G (0,1) and to G (—R2, 0), we adopt the idea similar as the 
derivation of (1.23) in section 1.3.2, but choose a sequence of instead of a 
single cut-off function 0. We require that 
0fc — H (to — t) 
1, t < to 
0, t > to 
as fc — oo. 
Notably 警 — a s k — o . We have dt 
ess sup 
-R2<t<oJ BR 
u(x, t) |2 dx + 




Vu | 2 dxd t < C (|u|3 + |u||p|) dxdt 
Qi 
dxdt + C / |u|  dxd t 
Qi Qi 
p | 2 dxd t < . 
(3.9) 
It is remarked that the last inequality holds since u G L3LX(Q1). There-
fore, (u,p) satisfies condition 2 in Definition 1.3.3. Conditions 3 and 4 are 
obviously true, so we conclude that (u,p) is a suitable weak solution on Q1. 
3.2.3 Idea of the Proof 
Since any singularities of u must lie on the z-axis, if every point on the 
z-axis is regular, then Theorem 3.2.1 is proved. Let x^ = (0, 0,购）be a 
singular point and X* = (x^,0). Recall that for 0 < A < 1, the following 
rescaled pair is also a solution: 
u^(x, t ) = Au(A(x — x ,) , A2t), p^(x, t ) = A2p(A(x — x , ) , A2t). 
Recall Theorem 1.3.7 in section 1.3.5, fix R, > 0, there exists a sequence 




|u ,Afc 1 
( R * A k ) 2 •/_(R*Afcy2 J\x-x*\<R*Afc 
|u|3 > 6；. (3.10) 
- R I J BR* 
We will derive a contradiction to this statement. 




/ L 2 5 2A =
 
3 t 
p 3 2 a I 
== A p 
R3 i^j=1 d x i d x j 
( u i ( y ， t ) u j ( y , t ) ) 
4 n | x — y | 
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u�(y，t)u�(y，t)) 
4 n | x — y | 
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In particular, from (3.6), (3.8) and (3.9), for q G (1，4), we 
+ |p入 | 3 dxdt < C 
have 
u 
ess sup / |u^ (x，t)|2 dx + |Vu^|2 dxdt < C. 
-R^<t<oJ BR JQR 
By the weak compactness, there exists a subsequence {Xkj}j 
such that 
‘ in Lq (QR), 
2 








llL 3 ( _R2 
i n L2(QR). 
Notably we also have | | I I L 鲁 （ _ R 2 , O ; H ) ) < C, by the following com-
pactness theorem for Banach spaces in [5]: 
T h e o r e m 3.2.3. Let Xo, X , X1 be three Banach spaces such that Xo C 
X C X1, where the injections are continuous. If Xo, X1 are reflexive and the 
injection Xo — X is compact. Then, the injection of {u G Lao(0，T； X o ) , d G 
Lai(0，T； X1) } into Lao(0，T； X) is compact, for ao, a 1 > 1 and fixed T > 0. 
We conclude that u kj remain in a compact set of L2 (QR). Therefore, 
there exists a subsequence {Akjm }二1 C {Akj }工1 such tha t 
u � m — u in L3(BR x ( -R 2，0)) . 
Since u^kjm still bounded in L^ (QR) for q G (1，4), we deduce that u 'kjm — 
Uin L^ (QR) for q G (1，4). 
Now, we claim that : There exists constants C and a > 0 such that 
|u^(r，z，t)| < Cra-1. (3.11) 
By our claim, we have |(u^)入| dxdt < CAA^ — 0 as A — 0. Thus, the 
limit U has no swirl, i.e. U^ = 0. 
Inspired by the whole chapter 2, we consider the vorticity form of the 
Navier-Stokes equations (2.5) with f = 0. Divide both side by r and define 
Q = Wrr, where w = curl U, we have 
dQ _ r dQ _ dQ d2Q d2Q 1 dQ 2 dQ , 
+ u — + U3-——— ——^ = 0. (3.12) 
dt dr dz dr2 dz2 r dr r dr 
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On the other hand, we rewrite the Navier-Stokes equations as a Stokes 
system (2.2) with F = — (u • V )u . By the interior estimates of Stokes system, 
we have 
lln 2 0 < I IVu 5 5 
| |
 ( Q 县 ) < | | L f L (Q 5 ) 20 L ^ L F ( Q 5 ) 
< C||u||2 5 + C||u 
L ? L B ( Q 3 ) 
(3.13) 
L 4 (Q 3 ) < C . 
4 
We further claim that : (3.12) and (3.13) imply that 
n G L⑴(Q), and hence u G L⑴(Qi). (3.14) 
By our claim, we deduce regularity of the original solution from the reg-
ularity of u. Since u G L⑷(Qi), we may initially choose R* in (3.10) suffi-





u|3 dxd t < 
2 
Since u^ has a subsequence u知 converges strongly to u in L3 , we have 
1 r 
R2 
' Q R , 
uY dxdt < 
RJQ� u|





This contradicts to (3.10), and therefore there 
the z-axis. Theorem 3.2.1 is proved. 
u入—u|3 dxdt < 
no singular points on 
3.2.4 Later Developments 
In [12], Chen, Strain, Yau and Tsai improved their bound (3.2 and gave 
the following result: 
T h e o r e m 3.2.4. Let (u,p) be an axisymmetric strong solution of the Navier-
Stokes equations in D = R3 x (—To, 0) with initial velocity u|t=-To = u G 
H1/2 and ruo(r ,z) G L⑴.Suppose p G L 5 / 3 (D) and 
3e G [0,1] such that |u(x, t ) | < C丨 r - 1+ ' | t | - ' / 2 , (x, t ) G D, (3.15) 
where C丨 < oc is a constant. Then u G L ⑴ ( B R ) x [—To, 0]) for any R > 0. 
It is remarked that (3.2) is a special case of (3.15) when e = 0. Moreover, 
for e = 1 , (3.15) is written as |u(x , t ) | < C丨|t|-1/2. Recall tha t a singularity 
of a Navier-Stokes solution u at time T is called type I if 





for some C > 0. Any singularity which is not of type I is called type II, which 
is sometimes called slow blow-up. Therefore, we can conclude that there are 
no singularities of type I, that means any blow up is slow. 
To prove Theorem 3.2.4, we first prove that (3.15) implies 
u| < C V — t ) - 1 十 2， | — r - 2 � 
then the rest of the proof is similar to sections 3.2.2 and 3.2.3. 
3.3 A n Al te rna t ive Proof on Slow Blow-up 
3.3.1 Backgrounds and the Main Result 
In 2009, Koch, Nadirashvili, Seregin and l^verak [13] obtained the same 
result as in [12] that there are no singularities of type I. However, they 
adopted a completely different approach, using Liouville type theorems and 
the re-scaling procedures. 
Before stating their main results, we consider applying the Leray projec-
tor PL to both sides of the Stokes system, this leaves us a heat equation. 
Therefore we have the following representation formula: 
u( t ) = S(t)uo + / S(t — S )PLF(s ) dx, (3.16) 
o 
where S is the solution operator of the heat equation. 
We define a function u G L ^ ( R s x (0,T)) to be a mild solution of the 
Cauchy problem for the Navier-Stokes equations if (3.16) is valid with F = 
—(u • V )u . It can be proved that a mild solution u has continuous derivatives 
of any order in both spatial and time variables. 
Now, we state the main result as follows: 
T h e o r e m 3.3.1. Let u be an axisymmetric vector field in Rs x (0, T) which 
belongs to L ^ (R s x (0, T')) for each T, < T . Assume that u is a weak solution 
of the Navier-Stokes equations in Rs x (0, T) satisfying 
C 
| u | < ^ T = = = in Rs x (0,T). 
In addition, assume that there exists some ro > 0 such that 
C 
|u(x, t ) | < 2 2 for \Jx2 + x2 > ro and 0 < t < T. 
V X 1 + x 2 
Then, |u| < M = M(C) in Rs x (0 ,T) . Moreover, u is a mild solution of 
the Navier-Stokes equations. 
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3.3.2 Liouville Type Theorems 
Throughout the proof of Theorem 3.3.1, the most important conjecture 
regarding the Liouville-type theorems tha t we are going to show is the fol-
lowing: 
• The velocity field of any bounded mild solution in RN x (—TO, 0) of the 
Navier-Stokes equations is constant. 
Indeed, the conjecture was proved for n 二 2 and also for 3D axisymmetric 
solutions with no swirl. The conjecture holds even in the absence of the "no 
swirl" assumption if an addition condition is satisfied: 
Yx2 + x2 |u(x , t ) | < C in RS x (—TO, 0). 
To begin, we require the following lemma which is proved by strong max-
imum principle and method of contradiction: 
L e m m a 3.3.1. Let Q be a bounded domain in R3, T > 0, K CC Q, Q ' CC Q 
and T G (0,T). For all e > 0, there exists 6 二 6(Q, Q ' , K , T , | | a | | L �, T , e ) > 0 
such that if u is a bounded solution of the parabolic equation 
vt + a(x,t)Vv — Av 二 0 in Q x (0,T), 
where a G L ^ ( Q x (0,T)), with 
sup |u| 二 M and sup |u(x ,T) | > M(1 — 6), 
nx(o,T) xeK 
then u(x,t) > M(1 — e) in Q' x (T,T). 
Now, we state the following Liouville type theorem in 2D case: 
T h e o r e m 3.3.2. Let u be a bounded weak solution of the Navier-Stokes equa-
tions in R 2 x (—TO, 0). Then u (x , t ) 二 b(t) for a suitable bounded measurable 
b : ( — T O , 0) — R 2 . 
Let w 二 乾 — 乾 be the vorticity of 2D flow. We are going to apply 
Lemma 3.3.1 to the vorticity form of Navier-Stokes equations 
w 
—+ uVw — Aw 二 0. 
t 
We claim tha t M :二 supR2x(_⑴,o) w < 0. Otherwise, take a cut-off func-
tion f G Co⑴(Br) such that 0 < _ < 1, |Vf| < CC in Br, f 三 1 in Br/2. 
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By Lemma 3.3.1, for any r > 0, there exists a point 
tor < 0 such that 
(xor ,tor ) with 
w M 





> 0, Vz G Qr (zor). 
M 
'Qr (Z0r ) 
•xor (x)w(z)dz > Y r 2 | B r (xor) 
M 4 nr . 
On the other hand, after integration by parts, 
A(r) 
'Qr (Z0r ) 
•X0r ( x ) 
du2 dui 
dxi dx2 
dz u 1 
d•工 
'Qr (Z0r ) 
u
2 
# X 0 r 
dxi 
dz Cr3 
we But this leads to a contradiction for sufficiently large r. Therefore 
have proved our claim M < 0. 
Similarly, we can show that m := infr2x(_c,o) w > 0. 
So, w 三 0 in R 2 X (—TO, 0). Together with div u = 0 and the boundedness 
of u, by the classical Liouville theorem for harmonic functions, u is constant 
in x for each t, i.e. u(x, t) = b(t) and we have proved Theorem 3.3.2. 
For axisymmetric case with no swirl, we have 
T h e o r e m 3.3.3. Let u be a bounded weak solution of the Navier-Stokes equa-
tions in R 3 X ( — T O , 0 ) . Assume that u is axisymmetric with no swirl. Then 
u(x, t) = (0,0, b3(t)) for some suitable bounded measurable 知 : ( — T O , 0) — R . 
The idea of the proof is the same as in the 2D case. Notably is bounded 





R 3 x ( _ c , o ) r 
> 0 or m 
w 
inf 
R 3 x ( _ c , o ) r 
< 0. 
Therefore M < 0 and m > 0, which implies = 0. For axisymmetric 
solution with no swirl, w = w ! e �= 0. The remaining steps are the same. 
Lastly, we directly state the result when the "no swirl" assumption is 
absent in axisymmetric case: 
T h e o r e m 3.3.4. Let u be a bounded weak solution of the Navier-Stokes equa-
tions in R 3 X ( — T O , 0 ) . Assume that u is axisymmetric and, in addition, 
satisfies 
|u (x , t ) | < 
Then u = 0 in R 3 X (—TO, 0). 
C 
A / X T T 
in R 3 X ( — T O , 0). (3.17) 
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2 
Then |u| < M = M(C) in R 3 x (0 ,T) . Moreover, u is a mild solution of the 
Navier-Stokes equations. 
We will argue by contradiction. 
Assume tha t u is a mild solution which is bounded in R 3 x (0, T丨、for all 
T丨 < T and develops a singularity at time T. 
Let h(t) = supx视3 |u(x, t) | . By a classical result of Leray in [2], we have 
ei 
h(t) > 
V T - t 
for some ei > 0. 
Let H(t) = supo<s<t h(s), then there exists an increasing sequence tk — T 
such that h(tk) = H(tk). 
Choose a decreasing sequence Yk — 1. For all k, let Nk = H(tk) and 
choose xk G R 3 such tha t Mk = |u(xk,tk)| > ^^. Set 
v ( k ) (y ,s ) 





the function v(k) are defined in R 3 x ( - M ^ t k , M;:(T - tk)) satisfying 
|v (k ) | < Yk in R 3 x (-Mk2tk, 0) and |v (k)(0, 0)| = 1. 
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To prove Theorem 3.3.4, we are going to show that the swirl is zero under 
condition (3.17), i.e. ue = 0. Then we apply Theorem 3.3.3 and state tha t 
u(x, t) = b(t). But condition (3.17) says b(t) = 0 for all t < 0. So, our aim 
now is to show that u e = 0 in R 3 x ( - o , 0). 
3.3.3 The Re-scaling Procedure 
In this section, we are going to see the power of those Liouville-type the-
orems we have developed in the previous section. Roughly speaking, dealing 
with the problems concerning regularity in the presence of a scale-invariant 
estimate, we will be able to exclude those non-zero constant solutions by the 
given scale-invariant estimate. Then, with the aid of those Liouville type 
theorems, finite-time singularities can be ruled out. 
T h e o r e m 3.3.5. Let u be an axisymmetric vector field in R 3 x (0, T) which 
belongs to L �( R 3 x (0, T')) for all T, < T. Assume that u is a weak solution 
of the Navier-Stokes equations in R 3 x (0, T) and 
(3 n R 3 x (0,T) 
C 
\ [x{ + x： 
u(x , t ) | < 
ess sup 
(x,t)€Qr (zo) 
u(x, t) | < CO, (3.20) 
then zo is a regular point of u. 
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Also, v (k) are mild solutions of the Navier-Stokes equations in R 3 x 
(—Mk2tk, Mk2(T — tk)) with initial data v ( k )(y) 二 Mu (xk + jM^ . 
Then, there exists a subsequence of v (k) converging to a mild solution v of 
the Navier-Stokes equations in R 3 x (—c, 0). By our construction, we have 
|v| < 1 and |v(0, 0)| 二 1. 
Let xk 二 (xk,x3k), where xk 二 (xik,x2k). From the assumption (3.18), 
we have 
|xk | < C 
Mk 
This implies that v (k) are axisymmetric with respect to an axis parallel to 
the y3-axis and at distance at most C from it. 
Therefore, by passing to a suitable subsequence, we can assume tha t the 
limit function v is axisymmetric with respect to a suitable axis. Moreover, 
since assumption (3.18) is scale-invariant, it will again be satisfied by v. 
Applying Theorem 3.3.4 and using (3.18), we see that v 二 0, which 
contradicts |v(0, 0)| 二 1. Therefore, Theorem 3.3.5 has been proved. 
Finally, Theorem 3.3.1 is a corollary of Theorem 3.3.5. 
3.3.4 Later Developments 
Seregin and Sverak denote u(x, t) to be the projection of the velocity 
vector u(x, t) into the plane passing through x and the axis of symmetry x3, 
then two local regularity results for axisymmetric solutions are given in [14]: 
T h e o r e m 3.3.6. Assume that u G L3(Qr(zo)) is an axisymmetric weak so-
lution to the Navier-Stokes equations in Qr (zo) such that there exists an as-
3 
sociated pressure field p G L 2 (Qr (zo)). I f , in addition, 
ess sup Vto — t |u(x, t) | < cc, (3.19) 
(x,t)€Qr (zo) 
then z0 is a regular point of u. 
T h e o r e m 3.3.7. Assume that u G L3(Qr(zo)) is an axisymmetric weak so-
lution to the Navier-Stokes equations in Qr (zo) such that there exists an as-
3 
sociated pressure field p G L2 (Qr(zo)). Suppose that u is essentially bounded 
in the space-time cylinders of the from Br(x�) x (力o — r2,t；') for all t, < to, 
where the bound may depend on t,. I f , in addition, 
1x1 + 
The idea of the proof is that we first show that , on the solutions of 
the equations, the assumed scale invariant bounds (3.19), (3.20) imply tha t 
all the other important scale-invariant quantities are bounded, and these 
bounds, together with the known partial regularity theory, lead relatively 
easily to the bounds required by the Liouville theorems in the section 3.3.2. 
In 2011, Lei and Zhang proved in [37] that the ancient weak solutions of 
axisymmetric Navier-Stokes equations must be zero, which was a conjecture 
in both [13] and [14], under the condition tha t u rer+如63 G L^ 
As an application, they proved that if u rer + 如63 G L⑴(0，T 
u is regular. 
。(0，T； B M O - 1 ) . 
B M O - 1 ) , then 
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